We will prove that a function u(x, y) defined on a domain of R p × R q that is subharmonic in one variable and harmonic in the other is subharmonic. This solves a long-standing open problem.
Introduction.
A classic theorem due to Hartogs states that a function f (z, w) defined on an open subset of C × C and holomorphic in each variable when the other is kept constant is holomorphic. In another words, a separately holomrphic function is holomorphic. Lelong [9] proves a similar result for separately harmonic functions. Avanissian [3] proves that a separately subharmonic function which is bounded above is subharmonic. Later on, various authors such as: Arsove [2] , Riihentaus [10] , Armitage and Gardiner [1] , improve the result by replacing the boundedness by some weaker conditions. In the mean time, a long-time waited counter example came from Wiegernick [14] . He constructed a separately subharmonic function that is not subharmonic, showing that the condition of boundedness in Avanissian's theorem can not be totally removed.
A question was raised (see [15] ) whether a function u(x, y) subharmonic in x and harmonic in y is subharmonic. Some authors gave a positive answer to this question by imposing some additional conditions either on u or on u(., y). Arsove [2] supposed that the function was bounded below by a locally integrable function. Imomkulove [6] (cited by Cegrell and Sadulaev ) assumed that u(., y) was real analytic. Kolodziej and Thorbiörnson [7] assumed that u(., y) was C 2 smooth. Cegrell and Sadullaev [4] gave another proof Arsove's result. Riihentaus [11] and [12] improved these results by introducing a more general class of functions, the quasi-nearly subharmonic functions. (See [12] for a complete bibliography).
In this paper we will prove that a function subharmonic in one variable and harmonic in the other is subharmonic.
We say that u(x, y) is subharmonic with respect to x and harmonic with respect to y, if for all
A separately subharmonic (respectively, separately harmonic) function, is a function subharmonic (respectively, harmonic) with respect to each variable.
is subharmonic with respect to one variable and harmonic with respect to the other, then u(x, y) is subharmonic.
Assume, for example, that u(x, y) is subharmonic with respect to x and harmonic with respect to y. Let (x 0 , y 0 ) be a point of D. The problem being local, we have just to prove that u is subhamronic at (x 0 , y 0 ); it means, according to Avanissian's theorem [3] , that u is bounded above in a neighbourhood of (x 0 , y 0 ). 
and
We note K 1 (x, y) and K 2 (x, y) the Poisson kernels in B 1 and B 2 respectively. Finally, dσ 1 and dσ 2 designate respectively the elements of surface area related to B 1 and B 2 . Lemma 1. Let f (x, y) be a function defined on a neighbourhood of B 1 × B 2 , and set:
If f (x, y) is separately subharmonic and subharmonic, then Φ f is either harmonic in
Proof. First assume that the function f is continuous on a neighbourhood of
Then f is bounded and we can differentiate under the integral sign.
Is is easy to check that Φ f is separately harmonic, and so harmonic in view of a result due to Lelong, according to which a separately harmonic function is harmonic. Next, if f is subharmonic, it is upper semi-continuous. Take a sequence (f n ) n of continuous functions that decreases to f as n → +∞. Then it is easy to see that (Φ fn ) n is a sequence of harmonic functions decreasing to Φ f according to one of the theorems of type "Fatou" (see for example dominated convergence theorem, or Rudin's classic book [13] , exercise 7, pp 32; see also Hayman and Kenedy [5] , pp 49-50), and the result follows from the previous case.
Proof of the theorem. The proof is similar to the proof of theorem 3.1 in Cegrell and Sadullaev's paper [4] . Let r > 0 such that
Since u k ≤ k, it follows from Avanissian's theorem that u k is subharmonic. It is also separately subhamronic and we can write:
Multiply both sides of this inequality by K 1 (ζ, x) and integrate over ∂B 1 to get:
Let's call Φ k (x, y) the double integral on the right of this inequality. Since each u k is subharmonic in the first variable, the integral on the left is bounded below by u k (x, y). We can write:
For each k the function Φ k (x, y) is either a harmonic function of (x, y), or ≡ −∞, according to the first lemma. The second case is excluded, because to say that u k (x, y) = −∞ is equivalent to say that u(x, y) = −∞ and it is clear that u = −∞.We can conclude that (Φ k ) k is a sequence of harmonic functions.
On the other hand, since by construction the sequence (u k ) k is increasing, we deduce that lim k→+∞ Φ k = Φ(x, y) is either ≡ +∞ or a harmonic function of (x, y). Moreover, we have:
The third equality follows from the Lebesgue's monotone convergence theorem. The last equality follows from the fact that u(x, y) is harmonic in the second variable. The inequality at the end is due to the fact that u(x, y) is subharmonic in the first variable. Therefore we can conclude that Φ(x, y) is harmonic. Taking the limit of both sides in (2), as k → +∞, we get:
It follows from the last paragraph that the function on the right of the equality sign is bounded above. The left side of the inequality is equal to u(x, y). In conclusion, we can write:
where M = max B1×B2 Φ(x, y).
Theorem 2. Let u(x, y) be subharmonic with respect to one variable and harmonic with respect to the other. If furthermore, the function is continuous in the variable with respect to which it is subharmonic, then it is subharmonic and continuous.
This is a special case of the following more general result. Proof. The idea is to use Harnack's inequality. (See also Kolodziej and Thorbiö-rnson's paper [7] ) It is enough to prove for example the frist part. The second part will follow by applying the first part to −u(x, y). The third part also can be proved in the same way as the first by making the obvious and necessary changes to the proof. Also, the problem being local, it is sufficient to make sure that u(x, y) is continuous at (x 0 , y 0 ). Let (x n , y n ) be a sequence of elements of B 1 × B 2 that converges to (x 0 , y 0 ) as n → +∞. We will show that:
Let m be a lower bound of the function. Without loss of generality, we may assume that m = 0. By applying Harnack's inequality to the harmonic function u(x n , .), we get:
(r − ρ n )r q−2 (r + ρ n ) q−1 u(x n , y 0 ) ≤ u(x n , y n ) ≤ (r + ρ n )r q−1 (r − ρ n ) q−1 u(x n , y 0 ).
As n approaches +∞, ρ n approaches 0 and the fractions on the right and on the left both approach 1. Since the fraction on the right and u(x n , y 0 ) are both positive, the limit supremum of their product will be = lim n→+∞ (r + ρ n )r q−1 (r − ρ n ) q−1 lim sup n→+∞ u(x n , y 0 )
= u(x 0 , y 0 ).
Here we used the fact that the function is upper semi-continuous with respect to the second variable. In the same way, the limit supremum of the left side of (4) is equal to (6) . Let n approach +∞ and take the limit supremum of both sides of (4). The equality (3) follows immediately.
